This paper analyzes the role of wealth and its distribution in a model of voluntary-contribution to public goods where individuals' preferences for these goods depend on the level of individual's wealth. We find that under such circumstances a small redistribution of wealth among contributors is not necessary neutral. We then discuss the conditions under which a redistribution of wealth might improve efficiency in the aggregate provision of public goods. Unlikely what common sense might suggest, we show that a redistribution of wealth can increase the private provision of public goods regardless of whether individuals' valuations for these goods increase or decrease as their level of wealth increases. Furthermore, we show that under some circumstances, a regressive redistribution of wealth can increase the provision of public goods.
Introduction
We analyze in this paper the role of wealth and its distribution in a model of voluntary-contribution to pure public goods where individual's preferences for these goods not only are determined by the respective level of individual's wealth, but also are affected by changes in this wealth. Our positive analysis is motivated by the following observation. It is common in the literature on public goods to consider that individuals' preferences (valuation) for these goods might be determined by the level of wealth (we discuss this literature below). Nevertheless, when considering this possibility, this literature has inexplicably assumed that changes in individual wealth do not affect individual's preferences for the said goods. From our point of view, this is a clear theoretical inconsistency that might lead to misleading analysis results. In this study, we take into account this consideration into the standard mechanism of voluntary-contribution to public goods and find some novel results. Be-sides offering a proper analysis of the private provision of public goods under wealth dependent preferences, our analysis is of interest because, as we discuss below, there are several cases in which individual valuation for public goods can be affected by their level of wealth.
In our framework, pure public goods are defined in the usual way: goods that are non-rival (consumption of the good by one person does not reduce the consumption available to another person) and non-excludable (once the good has been provided to one consumer, it is not possible to prevent other people from consuming it). The manner in which we introduce our observation (i.e., that individual's preferences for pure public goods depend on the respective level of individual's wealth) into the model of voluntary-contribution to public goods is through the individual marginal rate of substitution (MRS) between the consumption of a private good and the consumption of a public good. More precisely, we assume that the (absolute value of each) individual's MRS is a function of his or her level of wealth.
Three main and novel findings are obtained from our analysis. First, a small redistribution of wealth among contributors is not necessary neutral. 1 Second, unlikely what common sense might suggest, a redistribution of wealth from a richer contributor to a poorer contributor can increase the private provision of public goods regardless of whether individuals' valuation for these goods increase or decrease as their level of wealth increases. Third, under some circumstances, a small redistribution of wealth from a poorer contributor to a richer contributor can increase the provision of public goods. We characterize the conditions under which each of these possibilities occurs.
By considering a variety of circumstances, several authors have analyzed the role of wealth and its distribution in a voluntary-contribution mechanism to public goods. 2 No one has analyzed (properly) this under wealth dependent preferences. Furthermore, our results differ from previous results in the literature under situations that can be apparently similar to our case of study. For instance, [11] studied the effect of a redistribution of wealth on the final provision of public goods when the marginal cost of providing these goods varies across contributors. In this context, they find that a transfer from a contributor with a high marginal cost to a contributor with a low marginal cost always increases equilibrium provision.
The remainder of this paper is organized as follows. In Section 2, we motivate in more detail both our main assumption and our analysis. Section 3 presents a simple example to illustrate our main point, and Section 4 develops a general framework and presents the main results. Section 5 concludes.
Wealth and Preferences for Public Goods
As said above, it is common in the literature on public goods to consider that individuals' preferences for these goods might be determined by the level of wealth. There are several examples of this. For instance, the so-called income segregation hypothesis rests on the assumption that richer households value public goods less than poorer households [12] - [14] . The opposite has been assumed by [15] in their analysis of rent-seeking for pure public goods (see pp. 54). Furthermore, literature on private provision of public goods has also considered the possibility of differences in individual's preferences caused by differences in individuals' levels of wealth and, more generally, differences in individuals' tastes (for instances, see [1] [16], pp. 163-170). 3 Nevertheless, although this literature has admitted that individuals' preferences for public goods might be determined by the level of individuals' wealth, this has inexplicably assumed that changes in individual wealth do not affect individual's preferences for the said goods. Does it make any sense? From our point of view, this is a clear theoretical inconsistency. If one consider that individuals' preferences for certain types of public goods are determined by their level of wealth, then it must be true that changes in the level of individuals' wealth must affect said individuals' preferences.
Besides this theoretical inconsistency in the literature, there are several cases in which individual valuation for 1 A surprising result in the literature on the private provision of public goods is that a small redistribution of wealth among those individuals making a strictly positive contribution to the production of a public good does not have any effect on its aggregate provision-the so-called neutrality theorem [1] [2]. It has been claimed that this result holds true regardless of differences in individual preferences. 2 These circumstances are: the presence of corner solutions [2] ; impure public goods [3] [4]; large economies [5] [6]; non-Nash behavior, such as the presence of nonzero conjectural variations [7] ; information asymmetries [8] ; inferior public goods [9] ; differences in the marginal cost of providing public goods [10] There is sufficient evidence demonstrating that individuals' marginal willingness to pay for environmental goods increases as individual wealth increases [19] - [23] . Although it is difficult to know from these estimations whether differences in the marginal willingness to pay for such goods are due to differences in preferences, in the budget constraint or both, more recent empirical analyses directly suggest that individuals' MRSs between private goods and environmental quality change as individuals level of wealth changes [24] [25] . In particular, these studies find that richer individuals are able to substitute a greater amount of private goods for a given increment in environmental quality than poorer individuals.
Another case in which individuals' valuations of a public good may also increase with the level of wealth is public safety. Since richer individuals are more attractive to criminals than poorer ones, the former may value neighborhood public safety more than the latter. Using survey information for Brazil's neighborhoods, [26] compute that a household's concern for public safety increases as its level of wealth increases. Although they relate this result to a strong income effect, they also claim that it can be partly explained by increments in the marginal utility of public safety as a household's wealth increases.
One can also think of cases where the valuation of public goods may be negatively correlated with the level of wealth. For instance, it may be that richer individuals place less value on public parks, inasmuch as they have access to private (excludible) spaces with similar characteristics; poorer individuals, on the other hand, may value public parks more, as they do not have access to such spaces. In this case, an individual's valuation of the public good increases as the individual's wealth decreases. Unfortunately, as far as we know, no evidence to this effect is currently available.
An Example: Log-Linear Preferences
To illustrate both how individuals' preferences can be affected by the level of wealth, and how wealth and its distribution affect the final provision of public goods in a voluntary-contribution mechanism, we begin our analysis with a simple example in which individuals have log-linear preferences. Let us assume that there are two individuals ( 1, 2 i = ) who are interested in producing a public good. Each individual has to decide how to allocate his or her wealth ( i w ) between the consumption of a private good ( i x ), and his or her contribution ( i g ) to the production of a public good. Thus, the individual budget constraint of each individual is given as i i i w px g ≥ + , where p is the relative price of the private good. The public good is produced using standard technology 1 2
where G is the total amount of the public good produced. Each individual decides independently and simultaneously how much money to contribute to the production of the public good. Without loss of generality, through this example, we assume that 2 1 w w > . The new assumption we introduce into this framework is the following: preference intensities of individuals 1 and 2 for the public good depend on their respective levels of wealth. Therefore, the log-linear utility function for each individual can be represented as . Equation (1) shows the difference between properly and improperly considering the wealth dependent preferences assumption in a voluntary-contribution mechanism. As said before, in the standard analysis this is common to assume that the valuation of the richer individual is larger (or smaller) than the valuation of the poorer individual, but, that these valuations are not affected by changes in individuals' levels of wealth. In other words, in this analysis ( )
where ( ) ( ) G can be negative. In this case, the public good is an inferior good. We can use Equation (2) to study how a redistribution of wealth between individuals 1 and 2 affects the final provision of G. Let us consider a small progressive redistribution of wealth-i.e., a redistribution of wealth from individual 2 (the richer individual) to individual 1 (the poorer individual), with W remaining unchanged, and both individuals still contributing a positive amount of resources to the public good after redistribution. The final effect of this redistribution on the total provision of public good is given by The larger this term-i.e., the more important i's initial spending on the private good-the greater will be the impact of a change in i's preference intensity for the public good on the aggregate provision of G. Thus, the effect of a redistribution of wealth on the final provision of G depends not only on how individuals' preferences for a public good change as their respective levels of wealth change, but also on how important their respective spending on the private good is prior to the redistribution. 5 Once again, if 0 i θ = , the wealth redistribution is totally neutral.
To fix ideas on how a redistribution of wealth can affect the level of G, let us assume that ( )
w w α α β β = . 6 Imposing this assumption in Equation (3), it follows that:
The effect of a redistribution of wealth on G now depends exclusively on the difference between changes in the respective individuals' intensity preferences for the public good as i w changes. The sign of this difference depends on the assumptions imposed on ( ) β ′′ ≤ , it follows from Equation (4) that a progressive redistribution of wealth will increase the aggregate provision of G. However, assuming that individual's preferences for G increase as their respective levels of wealth increase is not enough to obtain this result. If The example in this section illustrates both how individuals' preferences are affected by individuals' levels of wealth when one consistently consider this possibility, and how wealth and its distribution affect the final provision of public goods in a voluntary-contribution mechanism. In the next section, we generalize these findings.
A General Framework
Consider the general model for the private provision of public goods, wherein there is one public good (G), one private good (x) and n consumers. Same as before, each consumer i decides how to allocate his or her total exogenous wealth ( 0 u u x G = , which is assumed to be strictly quasi-concave, strictly increasing for both arguments, and twice-continuously differentiable. The public good is produced using technology
We assume that individual preferences are affected by respective levels of individual wealth. More precisely, we assume that the absolute value of each individual's MRS (i.e.,
is not only a function of the respective level of x and G, but also a function of wealth. Formally, we assume that:
If richer individuals value G more than poorer individuals, then function ( ) is a continuous monotone function of wealth. We concentrate on this case because, as we mentioned in Section 2, this seems to be the more likely situation for certain public goods. However, our analysis can be extended to analyze the case where
is a non-monotone function of wealth. Since within our framework individual wealth is totally exogenous, individual preferences are still determined only by exogenous parameters. 5 There is another way to understand the two terms in parentheses in Equation (3) . Actually, in the next section, we relate these terms to changes in the (absolute value of) the individual's MRS generated by changes in individual's wealth and changes in private consumption. O. Nupia 437
Under the conditions described above, each of n individuals simultaneously chose 0 i x ≥ , and 0 i g ≥ in order to maximize his utility, subject to his budget constraint and the public good's production technology, and taking the contribution of the other individuals as given. At an interior solution, the necessary Nash Equilibrium condition for each i is given by:
Equation (6) implicitly defines each contributor's best response contribution to the public good. For non-contributors, the best response is zero contribution to the public good. 8 We denote by C the set of contributors, and by c n ≤ the number of contributors. Furthermore, without loss of generality, we assume that those individuals 1, 2, , i c =  are contributors. Assuming that the conditions of the implicit function theorem are satisfied, it follows from Equation (6) that for each i C ∈ : ( ) , ,
Plugging Equation (7) into the individual budget constraint and summing up over those i's ∈ C, we get:
Let
; applying the implicit function theorem then, we obtain:
Equation (9) represents aggregate private provision of the public good in this economy. Since for a given vector of individuals' respective wealth, ( )
, each consumer's maximization problem is exactly the same as his maximization problem in the standard model of the private provision of public goods, the existence of an equilibrium in our framework is already a well-known result (see [2] ).
Changes in Wealth
We begin by analyzing how changes in a contributor's level of wealth affect the private provision of * G . We state this result in Proposition 1. 
.
Proof. Applying implicit differentiation to Equation (8) , for any contributor i, we get that,
Thus, the effect of an increase in a contributor level of wealth can be written as:
It also follows from Equation (6) , and this effect dominates the standard wealth effect (1/Z).
Proposition 1 raises the possibility that the public good in our framework can be an inferior good. When this is the case, although equilibrium existence is guaranteed (see [2] ), uniqueness is not (see [9] for some examples). In this context, uniqueness means that there is a unique Nash equilibrium (i.e. a unique vector of contributions) with a unique quantity of public good and a unique set of contributors. The existence of multiple equilibria makes it difficult to analyze how any redistribution of wealth affects the provision of public good in our framework. For this reason-and similar to [1] and [2] (see Theorem 1, pp. 29)-in what follows, we concentrate on analyzing the effect of small redistributions of wealth (i.e., those redistributions that only involve contributors and that do not affect the set of contributors) on the aggregate provision of G.
As noted above, Equation (11) 
Conclusions
In this paper, we analyzed the role of wealth and its distribution in a model of voluntary-contribution to public goods when individuals' preferences for these goods are affected by the respective level of individual wealth. We find that, under these conditions, a small redistribution of wealth among contributor is not necessary neutral and that, unlikely what common sense might suggest, redistributing wealth from a richer contributor to a poorer contributor can increase the private provision of public goods regardless of whether individuals' valuations for these goods increase or decrease as their wealth increases. Furthermore, we show that under some circumstances, a small regressive redistribution of wealth (from a poor individual to a rich individual) might increase the provision of public goods.
Which type of wealth redistribution might be most useful in reducing the under-provision of public goods in our framework depends on how the relative change in individuals' MRSs compares across individuals. This relative change is defined as the ratio between the change in the absolute value of the individual's MRS as his or her level of wealth changes, and the change in the absolute value of the individual's MRS as his or her private consumption changes. If this relative change in MRSs is greater for poorer individuals than for richer individuals, then a progressive redistribution of wealth will always increase the final provision of G. When the opposite happens, a regressive distribution of wealth is needed in order to increase the final provision of G.
Our analysis calls the attention on how to consider the assumption of wealth dependent preferences for public goods properly. Omitting that these preferences not only differ across individuals with different levels of wealth but also are affected by changes in these levels might lead to misleading analysis results. Finally, our results create space for public intervention for those public goods where individuals' valuations are affected by their respective wealth. As mentioned in Section 2, there are several cases in which individual valuation for public goods can be affected by their level of wealth.
